In this paper, we analyse the bosonic current densities induced by a magnetic flux running along an idealized cosmic string in a high-dimensional spacetime, admitting that the coordinate along the string's axis is compactified. Additionally we admit the presence of an magnetic flux enclosed by the compactification axis. In order to develop this analysis we calculate the complete set of normalized bosonic wave-functions obeying a quasiperiodicity condition, with arbitrary phase β, along the compactified dimension. In this context, only azimuthal and axial currents densities take place. As to the azimuthal current, two contributions appear. The first contribution corresponds to the standard azimuthal current in a cosmic string spacetime without compactification, while the second contribution is a new one, induced by the compactification itself. The latter is an even function of the magnetic flux enclosed by the string axis and is an odd function of the magnetic flux along its core with period equal to quantum flux, Φ 0 = 2π/e. On the other hand, the nonzero axial current density is an even function of the magnetic flux along the core of the string and an odd function of the magnetic flux enclosed by it. We also find that the axial current density vanishes for untwisted and twisted bosonic fields in the absence of the magnetic flux enclosed by the string axis. Some asymptotic expressions for the current density are provided for specific limiting cases of the physical parameter of the model.
Introduction
Cosmic strings are linear gravitational stable topological defects which may have been created as a consequence of phase transitions in the early universe and are predicted in the context of the standard gauge field theory of elementary particle physics with extra symmetries [1, 2, 3] . Observations of anisotropies in the Cosmic Microwave Background Radiation (CMB) by COBE, WMAP and more recently by the Planck Satellite have ruled out cosmic strings as the cosmic string spacetime have recently been investigated in [31] and [32] , respectively. Here, in the present paper, we shall continue along the same line of investigation. We shall calculate the induced bosonic current in a higher-dimensional cosmic string spacetime, under the same conditions as considered in these two previous publications. This paper is organized as follows. The section 2 is devoted to the evaluation of the positive frequency Wightman function for a massive charged scalar quantum field in a higher-dimensional cosmic string spacetime. We also consider that the z-axis along the string is compactified to a circle, by imposing a quasiperiodic boundary condition on the bosonic field with arbitrary phase. Moreover we assume the presence of magnetic fluxes running through the string's core and enclosed by its axis. In section 3, by using the Wightman function, we evaluate the renormalized vacuum current density induced by the magnetic fluxes and the compactification. As we shall see, the renormalized charge density and the radial current vanish. For the azimuthal current density, the compactification induces it to decompose into two parts: one of them coincides with the corresponding expression in the geometry of a cosmic string without compactification and the other is the contribution due to the compactification itself. Moreover, as a consequence of the compactification, a non-vanishing axial current also arises and is a purely topological one. The most relevant conclusions of the paper are summarized in section 4. We have also dedicated an Appendix to provide some important expressions used in the development of our calculation for the induced current densities. Throughout the paper we use natural units G = = c = 1.
Wightman function
In this paper we consider a (D + 1)−dimensional cosmic string spacetime with D ≥ 3. By using the generalized cylindrical coordinates (x 1 , x 2 , ..., x D ) = (r, φ, z, x 4 , ..., x D ) with the string on the (D − 2)−dimensional hypersurface r = 0, the corresponding geometry is described by the line element
The coordinates take values in the following intervals: r ≥ 0, 0 ≤ φ ≤ 2π/q and −∞ < (t, x i ) < +∞ for i = 4, ..., D. The parameter q ≥ 1 codifies the presence of the cosmic string. Moreover, we assume that the direction along the z-axis is compactified to a circle with the length L, so 0 z L. The standard cosmic string space-time is characterized by D = 3, with z ∈ (−∞, ∞). In this case q −1 = 1 − 4µ 0 , being µ 0 the linear mass density of the string. 2 In this paper we are interested in calculating the induced vacuum current density, j µ , associated with a charged scalar quantum field, ϕ(x), in the presence of magnetic fluxes running along the core of the string and enclosed by it, considering that the z-axis is compactified to a circle. In order to do that we shall calculate the corresponding complete set of normalized bosonic wavefunction.
The equation which governs the quantum dynamics of a charged bosonic field with mass m, in a curved background and in the presence of an electromagnetic potential vector, A µ , reads
where the differential operator above is defined by
being D µ = ∂ µ + ieA µ and g = det(g µν ). In addition, we have considered the presence of a non-minimal coupling, ξ, between the field and the geometry represented by the Ricci scalar, R. However, for a thin and infinitely straight cosmic string, R = 0 for r = 0.
In the analysis that we want to develop, it will be assumed that the direction along the z-axis is compactified to a circle with length L: 0 z L. The compactification is achieved by imposing the quasiperiodicity condition on the matter field,
with a constant phase β, 0 β 1. The special cases β = 0 and β = 1/2 correspond to the untwisted and twisted fields, respectively, along the z-direction. In addition, we shall consider the existence of the following constant vector potential
with A φ = −qΦ φ /(2π) and A z = −Φ z /L, being Φ φ and Φ z the corresponding magnetic fluxes. In quantum field theory the condition (2.4) changes the spectrum of the vacuum fluctuations compared with the case of uncompactified dimension and, as a consequence, the induced vacuum current density changes. In the spacetime defined by (2.1) and in the presence of the vector potential given above, the equation (2.2) becomes
The positive energy solution of this equation can be obtained by considering the general expression,
where r represents the coordinates of the extra dimensions, k the momentum along these directions and C is a normalization constant. Substituting (2.7) into (2.6) we find that the radial function R(r) must obey the differential equation
In the present analysis we shall assume that the wave functions obey the Dirichlet boundary condition on the string's core. The regular solution at origin is R(r) = J ν (λr), where J ν (z) represents the Bessel function of order
Φ 0 = 2π/e being the quantum flux. Then, the general solution takes the form
The quasiperiodicity condition (2.4) provides a discretization of the quantum number k z as shown below:
Under this circunstancy the energy takes the form
14)
The constant C can be obtained by the normalization condition 15) where the delta symbol on the right-hand side is understood as Dirac delta function for the continuous quantum number, λ and k, and Kronecker delta for the discrete ones, n and k l . From (2.15) one finds
So, the renormalized bosonic wave-function reads,
The properties of the vacuum state are described by the corresponding positive frequency Wightman function, W (x, x ′ ) = 0|ϕ(x)ϕ * (x ′ )|0 , where |0 stands for the vacuum state. Having this function we can evaluate the induced bosonic current. For the evaluation of the Wightman function, we use the mode sum formula
where we are using the compact notation defined as
The set {ϕ σ (x), ϕ * σ (x ′ )} represents a complete set of normalized mode functions satisfying the periodicity condition (2.4). In our case, the mode functions in Eq. (2.17) are specified by the set of quantum numbers σ = (n, λ, k l , k), with the values in the ranges n = 0, ±1, ±2, · · · , −∞ < k j < +∞ with j = 4, · · · D, 0 < λ < ∞ and k l = 2π(l + β)/L with l = 0, ±1, ±2, · · · .
Substituting (2.17) into the sum (2.18) we obtain 20) where ∆φ = φ − φ ′ , ∆ r = r − r ′ , ∆t = t − t ′ and ∆z = z − z ′ . Having the positive frequence Wightman function above, we are in position to calculate the induced vacuum bosonic current density, j µ . This calculation will be developed in the next section.
Bosonic current
The bosonic current density operator is given by,
Its vacuum expectation value (VEV) can be evaluated in terms of the positive frequency Wightman function as shown below:
This VEV is a periodic function of the magnetic fluxes Φ φ and Φ z with period equal to the quantum flux. This can be observed if we write the parameter α in (2.10) in the form
where n 0 is an integer number. In this case the VEV of the current density will depend on α 0 only.
Charge density and radial current
Let us start the calculation with the charge density. Because A 0 = 0, we have,
Substituting (2.20) into the above expression, taking the time derivative and finally the coincidence limit x ′ → x, the formal expression for the charge density is:
Because the above expression is divergent, in order to obtain a finite and well defined result, we have to regularize it by introducing a cutoff function e −η(λ 2 + k 2 +k 2 l ) , with the cutoff parameter η > 0. At the end of the calculation we shall take the limit η → 0.
So, using the cutoff function, the integral over the variable λ can be evaluated with the help of [34] , and the regularized contribution gives
with I ν (z) being the modified Bessel function. As to the integral over k we have,
Thus, the regularized charge density reads
where
In Appendix A.1, its shown that the above summation on the quantum number n is given by (A.8) and (A.7). Substituting this result into (3.8) we obtain
with w = r 2 /(2η). In the above expression p = [q/2], where [q/2] represents the integer part of q/2, and the prime on the sign of the summation means that in the case q = 2p the term k = q/2 should be taken with the coefficient 1/2. The first term in the square brackets of (3.10) corresponds to the charge density for α 0 = 0 and q = 1. The renormalized value for the charge density is given by subtracting from (3.10) the contribution corresponding to the Minkowski spacetime in the absence of magnetic flux. We can do this in manifest form by discarding the first term inside the bracket. The other contributions contain e −2w cosh 2 (y/2) and e −2w sin 2 (πk/q) , inside the integral and summation respectively; hence in the limit η → 0 (w → ∞) these terms vanish for r > 0. Thereby, we conclude that the renormalized value for the charge density is zero, i.e, there is no induced charge density.
The VEV of the current densities along the extra dimensions, j i (x) for i = 4, · · · D, are given by
which can be written as
The integral over the variable k i can be evaluated by using the Eq. (2.13) and the identity 1
Then, the integral in k i reads
This expression goes to zero by taking the limit, ∆x i → 0. Moreover, at the coincidence limit, r ′ → r, the integral over λ provides a result equivalent to (3.6) . In addition the integrals over the other components of momentum along the extra dimensions, k r with r = i, provide finite results similar to the one given by (3.7). Using again the results (A.8) and (A.7) for the sum over the modified Bessel function and identifying the first term with the contribution of the Minkowski space in the absence of magnetic flux, we can renormalize this current density in a manifest form by discarding this term. By doing this, we can see that the terms inside the summation and integral contain factors e −r 2 sin 2 (πk/q)/s 2 and e −r 2 cosh 2 (y/2)/s 2 , respectively.
Consequently, the integrals over s of the remaining terms are finite. So, our final conclusion is that, because (3.14) goes to zero at the coincidence limit and the renormalized values for the other integrals are finite in that limit, there will be no induced vacuum current densities along the extra dimensions. In fact this result is in agreement with the invariance of the system under a boost along the x i direction. Now let us analyze the radial current density. Because A r = 0, the VEV of the r-component of the current is simply expressed as
Taking the radial derivatives with respect to r and r ′ in the Wightman function, subtracting both terms and taking the coincidence limit, there appears a cancellation between those terms. Thereby, we also conclude that there is no induced radial current density:
Azimuthal current
The VEV of the azimuthal current density is given by
Substituting (2.20) into the above equation we get the formal expression for the azimuthal bosonic current density below:
In order to develop the summation over the quantum number l we shall apply the Abel-Plana summation formula in the form [35] , which is given by
Taking g(u) = 1 and
By using this formula, it is possible to decompose the expression formal to j φ , eq. (3.18), as the sum of the two contributions as show below:
where the term, j φ cs , is the contribution of the first integral on the right hand side of (3.19) and corresponds to the azimuthal current density in the geometry of the higher dimensional cosmic string spacetime without compactification. The term, j φ c , is induced by the compactification of the string along its axis and is provided by the second integral on the right-hand side of (3.19).
As we shall see the latter vanishes in the limit L → ∞.
As we have already mentioned in the beginning of this paper, the calculation of the induced azimuthal bosonic current density by a magnetic flux in the geometry of an idealized cosmic string has been developed in [26] and [27] for massless and massive quantum fields, respectively. In [27] the calculation of the azimuthal vacuum current density was developed for a higher dimensional cosmic string spacetime considering the case where the parameter 1 ≤ q < 2. However, to our knowledge, a closed expression for the induced azimuthal current considering general values of q is missed. In this sense, here we generalize the results in [27] considering general values of the parameter, q, as well as consider the case where there exists a magnetic flux running through the core of a string whose the axis is compactified to a circle. Thus, in the present paper, we want to investigate the induced bosonic current as general as possible, combining all the above effects.
From the first integral on the right hand side of (3.19), Eq. (3.18) gives
In order to provide a more workable expression, we use the identity (3.13). This allows us to integrate over λ by using [34] . Also the integral over the momentum on the extra dimensions is easily evaluated. Finally, writing α in the form given in (3.3) we obtain
where we have defined w = r 2 /2s 2 . In Appendix A.2 it is shown that the above summation in the quantum number n is given by (A.19) and (A.18). Subtituting this result into (3.23), we obtain
where we use the notation 25) being K ν (x) the modified Bessel function. We can see that j φ (x) cs vanishes for the case α 0 = 0. For 1 q < 2 the first term on the right hand side of (3.24) is absent and the result coincides with the one found for the azimuthal induced bosonic current in [27] . From Eq. ((3.24) ), we can see that j φ (x) cs is an odd function of α 0 , with period equal to the quantum flux Φ 0 . In Fig.1 we plot the behavior of the azimuthal current density as a function of α 0 for the case where D = 3, considering mr = 0.5 and different values of q. One can see that the effect of the cosmic string parameter, q, is to amplify the oscillatory nature of the azimuthal current with respect to the parameter α 0 . For a massless field, from Eq. (3.24), we obtain the following expression
. Taking for the above expression D = 3, we have
Considering D = 3 and q > 2, the behavior of the j φ (x) cs at large distance from string, mr ≫ 1, is dominated by the first term of (3.24) with k = 1. It reads,
Now let us develop the calculation of the contribution to the azimuthal current induced by the compactification. So, we substitute the second term of (3.19) into (3.18) . Doing this we obtain:
To continue our analysis, we shall use the series expansion (e u − 1) −1 = ∞ l=1 e −lu in the above expression, and with the help of [34] we get,
At this point, we shall use the integral representation below for the Macdonald function [34] K ν (x) = 1 2
By using this representation, it is possible to integrate over the variable λ and over the momentum along the extra dimensions k. So, we obtain
where we have used α in the form (3.3) and introduced the new variable, w = 2r 2 t l 2 L 2 . The sum over the quantum number n in (3.32) can be developed by using the compact result (A. 19 ). This allows us to perform the integrals over x. Our final expression is:
where we have defined
From the above expression we can see that the contribution due to the compactification on the bosonic current density is an even function of the parameterβ and is an odd function of the magnetic flux along the core of the string, with period equal to Φ 0 . In particular, in the case of an untwisted bosonic field, j φ (x) c is an even function of the magnetic flux enclosed by the string's axis. Also we can see that for α 0 = 0 the induced current above vanishes. Moreover, j φ (x) c = 0 for r = 0. This result is in contrast with the fermionic case where the azimuthal current induced by the compactification does not vanish at r = 0, as shown in [31] . In Fig.2 we plot the behavior of the compactified azimuthal current density as a function of α 0 for D = 3, considering mr = 0.5, mL = 1,β = 0.1, 0.7 and different values of the parameter q. On the graphs below we can see that the effect of the cosmic string parameter, q, is to amplify the oscillatory nature of the azimuthal current with respect to the parameter α 0 while the effect of the parameter,β, is to change the direction of oscillation as well as diminish the absolute values of j φ (x) c .
For large values of the length of the compact dimension, mL ≫ 1, assuming that mr is fixed and considering D = 3, the main contribution comes from the l = 1 term and to leading order we find
where we can see that there appear an exponential decay. So in this limit, the contribution to the total current density is dominated by j φ (x) cs . For a massless field and also considering D = 3, we obtain where we have defined
The summation above can be developed with the help of [34] . So, after some elementar steps we obtain: 38) for 0 β 1. With (3.38) we can also obtain the dominant behavior of j φ (x) c in the region r << L. It reads,
Also with (3.38) it is possible to obtain the dominant behavior of j φ (x) c in the region r >> L. Considering x >> 1 andβ = 0 orβ = 1, G c (β, x) ≈ π/(4x 3 ). On the other hand taking x >> 1 and for 0 <β < 1, G c (β, x) ≈ −1/(2x 4 ). So we conclude that the dominant behavior of j φ (x) c depends on the value assumed for the parameterβ.
Combining Eqs. (3.24) and (3.33) we can write the total azimuthal current as where the prime on the sum over l means that the term with l = 0 should be taken with the weight 1/2. In fig.3 we plot the total azimuthal current density as a function of mr for D = 3, considering q = 2.5, α 0 = 0.25 and different values of mL. In the left plot we considerβ = 0 while in the right oneβ = 0.5. For A z = 0, one hasβ = β, and the cases β = 0 and β = 1/2 are related with the untwisted and twisted bosonic fields, respectively. One can see that the effect of the parameterβ is to alter the curves for the finite values of mL compared with the solid curve for mL → ∞ .
Axial current
Here we shall analyze the bosonic current density along the string. As we shall see, due to the compactification of the direction along the string axis, there appear a non-vanishing current. The VEV of the axial current is given by
Using (2.20) and the fact that A z = −Φ z /L, a formal expression for this current can be provided. It reads,
wherek l is given by (2.14). To evaluate the summation over the quantum number l we shall use the generalized AbelPlana summation formula, Eq. (3.19) . For this case we have g(u) = 2πu/L and f (u) is given by (3.20) . Taking these expressions into consideration, we can see that the first term on the right hand side of Eq. (3.19) vanishes due to the fact that g(u) is an odd function. Thus, it remains only a contribution due to the second term on the right hand side of Eq. (3.19) . This contribution is a consequence of the compactification assumed for the direction along the cosmic string's axis.
The axial current density induced by the compactification can be written as
Using again the series expansion, (e u − 1) −1 = ∞ l=1 e −lu , for the summation in j present in Eq. (3.43), we find
The integral over y can be evaluated with help of [34] . The result is given in terms of the modified Bessel function of first order, K 1 (z). On the other hand, using the integral representation (3.31) for this function, and the fact that K 1 (z) = K −1 (z) we can show that
Substituting the right hand side of the above identity into (3.44), it is possible to develop the integral over the variable λ and also the integral over the extra momenta. Moreover, defining a new variable w = 2tr 2 /l 2 L 2 , we obtain
Substituting the expression involving the summation of the modified Bessel function given by (A.8) into (3.46), we obtain:
where we have used α in the form (3.3) and f (q, |α 0 |, y) is given by (A.7). Integrating over the variable w, the above expression can be written as
The first term inside the bracket in (3.47), provides a contribution that does not depend on α 0 and q. It is a pure topological term, a consequence of the compactification only. For this contribution one has
Notice that this term is independent on the radial distance, r. We can say that the above equation corresponds to the current density in the (D + 1) Minkowski spacetime with the spatial topology R D−1 × S. The current density in Minkowski spacetime wiht the topology R p × (S 1 ) q is recently investigated in [36] (for the corresponding problem in de Sitter spacetime see [37] ). Moreover, from (3.47) we can see that the axial current density vanishes for interger and halfinteger values ofβ. For D = 3, Eq. (3.49) reads
This value is exactly the half of the corresponding value for the fermionic case found in [32] .
The second contribution to the axial current coming from the magnetic flux and planar angle deficit is: 
Conclusion
In this paper we have investigated the bosonic current density in a higher dimensional compactified cosmic string spacetime induced by magnetic fluxes, one of them enclosed by the compactificatified direction and the other running along the string's core. The calculations were performed by imposing the quasiperiodicity condition, with arbitrary phase β, on the solution of the Klein-Gordon equation. The general solution was obtained by considering a constant vector potential in Eq. (2.5) and, after imposing the quasiperiodicity condition and calculating the normalization constant (2.16), was presented in its final form in Eq. (2.17).
The positive frequency Wightman function (2.20) , which is necessary to calculate the VEV of the bosonic current density in Eq. (3.2), was constructed by the complete set of normalized wave function (2.17) . In this context we were able to show that the renormalized charge and radial current densities vanish. Moreover, we have seen that the compactification induces the azimuthal current density to decompose into two parts. The first one corresponds to the expression in the geometry of a cosmic string without compactification and is presented in Eq. (3.24) . The second contribution is due to the compactification and is presented in Eq. (3.33). The former is an odd function of α 0 , with period equal to the quantum flux Φ 0 , and is plotted for D = 3, in units of "m 4 e", with respect to α 0 as it can be seen in Fig.1 . By this graph we can see that the intensity of the current increases with the parameter q.
Furthermore, we have seen that the azimuthal current density induced by the compactification is an even function of the parameterβ and is an odd function of the magnetic flux along the core of the string, with period equal to Φ 0 . We have checked that when β = 0 (untwisted bosonic field), Eq. (3.33) becomes an even function of the magnetic flux enclosed by the strings axis. We have also checked that this induced current vanishes for the case α 0 = 0. In addition, in contrast with the fermionic case investigated in Ref. [32] , the azimuthal current density, j φ (x) c , vanishes for r = 0. For a massless field and considering D = 3, Eq. (3.33), is further simplified and is given by Eq. (3.36). In this case, the dominant behavior of j φ (x) c depends on the values assumed for the parameterβ. In Fig.2 , we plotted Eq. (3.33) for D = 3, in units of "m 4 e", with respect to α 0 . Also by this graph we can see that the intensity of the current increases with q, and the effect of the parameterβ plays an important rule on the sign of direction.
For the total azimuthal current density, that is, the sum of Eqs. (3.24) and (3.33), we have seen that it is dominated by j φ (x) cs for large values of the length of the compact dimension, mL ≫ 1, assuming D = 3 and mr fixed. A plot of the total azimuthal current density, in units of "m 4 e", with respect to mr is presented in Fig.3 for D = 3 and for two different values ofβ. From this graph we can see that the relavance of the compactified part of the current depends on the product mL, decreasing when mL becomes larger. Moreover, the relative intensity of the total current, compared with the j φ (x) cs , depends onβ.
We have also shown that the VEV of the axial current density in Eq. (3.47) has a purely topological origin and vanishes whenβ = 0, 1/2 and 1. This VEV can be expressed as the sum of two terms. One of them is given by Eq. (3.49) and independ of the radial distance r, the cosmic string parameter q and α 0 . This contribution corresponds to the current density in (D + 1) Minkowski spacetime with the spatial topology R D−1 × S. The other contribution is given by Eq. (3.51) and is due to the magnetic fluxes and the planar angle deficit. We verified that this contribution is an odd function of the parameterβ and is an even function of α 0 , with period equal to the quantum flux Φ 0 . For the particular case when β = 0, Eq. (3.51) becomes an odd function of the magnetic flux enclosed by the strings axis. A plot of the azimuthal current as functionβ is presented in Fig.4 for two different values of α 0 and considering D = 3. By this graph we can see that the amplitude of the current increases with the parameter q and the effect of α 0 is to change the orientation of the current. Note that both expression in Eqs. (A.10) and Eq. (A.19) are odd function of α 0 , as it should be. This is only possible if we take absolute values of α 0 as showed in Eq. (A.18). Note also that by using Eq. (A.13), instead of Eq. (A.14), we would obtain the same expression (A.19).
